Abstract: We propose a novel approach of including incoherent layers into an arbitrary multilayer stack and treating them using the conventional matrix methods in the waveoptics regime. The proposed "Equivalent Matrix Method" (EMM) calculates two phase-shift additions that totally cancel out the interference terms in front of, and behind the incoherent layer. The additions are merged into an equivalent incoherent layer propagation matrix that can be used in the standard coherent calculation. The mathematical model that we describe in the paper has three important advantages. First, the exact calculation of the phaseshift additions efficiently replaces various phase-averaging approaches normally used to deal with incoherency. Second, instead of an incoherent layer, we can use an equivalent coherent layer in a rigorous simulation using the phase-matching. Last, there is no energy imbalance error caused by wave coupling in lossy incoherent layers. We verify the proposed EMM against the general transfer-matrix method (GTMM) and the combined ray optics/wave optics model (CROWM) using two cases: an arbitrary multilayer structure with four incoherent glass layers, and a thin-film hydrogenated amorphous silicon solar cell. In both cases, the EMM yielded the same results as the GTMM and CROWM, thus confirming its regularity.
Introduction
Thin-Film multilayer structures are widely used as anti-and high-reflection coatings and interference thin-film optical filters. With increasing number of layers, the numerical computer calculations become essential for efficient design. There exist several techniques for calculating reflectance, transmittance, and layer absorptance of a multilayer structure. The most fundamental is Airy geometric series summation [1] , [2] . However, this approach has a limited practical value because it leads to cumbersome expressions, which are difficult to calculate. Two other methods, the TransferMatrix Method (TMM) [1] , [2] , and its derivative, the characteristic matrix approach [3] , [4] , are more efficient and are usually used in practice. Both avoid cumbersome Airy sums by using matrices.
Both matrix methods presume layers in a multilayer structure to be isotropic and homogeneous, interfaces between the layers optically flat and parallel, and the layer thicknesses to be on the order of the wavelength of the light. Because the layers are assumed to be isotropic and homogeneous, complex refractive indexes are constant throughout the layer depth, and a one-dimensional calculation is possible due to the assumption of the optically flat layers. Finally, since the layer thickness is presumed to be on the order of the wavelength of the light, the light radiation is considered to be coherent throughout all the layers.
However, the light propagation in thick layers (i.e., the layers that have thickness much greater than the light's wavelength) is incoherent. Since the matrix methods presume coherent light propagation throughout all the layers, they do not return correct results when one or more layers in a multilayer structure are thick. If thick layers are present, the calculations show narrow oscillations in reflectance/transmittance/absorptance spectrum, which do not occur in reality (see Figs. 3 and 6) . The calculated interference fringes are not observed in practice because of the incoherent light propagation in thick layers. One might assume that the coherent fringes cannot be measured due to the insufficient coherent length, or too wide spectral width of the incident beam. But the thick layers preserve their incoherent nature even if a monochromatic light source with a coherent length significantly greater than the thickness of the entire structure is used. The incoherent behavior is still caused by non-ideal thick layer interfaces. These are neither completely flat nor parallel because thicker layers cannot be manufactured as precisely as thin layers, and their thickness can vary by several wavelengths. To overcome this problem, and to obtain the correct result, one can simply average over several individual results obtained by applying the TMM using several different thicknesses [5] .
Various approaches for a mixed coherent/incoherent multilayer structure calculation have been proposed in the past. To account for the incoherent layers (i.e., layers with incoherent light propagation), the TMM was generalized into the General TMM (GTMM) [6] - [8] . The conventional TMM is used for calculation of coherent thin-layer stacks between the incoherent layers. These thin-layer stacks are then used as interfaces in an incoherent layer calculation performed by modified transfer matrices, also called intensity matrices. When dealing with lossy incoherent layers, the GTMM can suffer from an erroneous non-zero sum of energy, where the total energy entering the structure is not equal to the energy exiting the structure plus the dissipated energy (see Fig. 5 ). The error is a consequence of wave coupling and can be avoided using the absorptance equations presented in Section 2.4.
Another set of approaches follow the theory and obtain the final result by averaging over different phase-shift additions, or thicknesses. Incoherent layers are treated as coherent and the structure is analyzed at a large number of random incoherent layer phase-shift additions in the Random Phase Method (RPM) [9] . This is-for lossless material-equivalent to varying the incoherent layer thickness around the original value in the Random Thickness Method (RTM) [10] . The final result in both cases is the average of the individual results. Averaging is also used in the Equidistance Phase Method (EPM) [11] , where the Net-Radiation Method (NRM) [12] suitable for incoherent calculation is extended to coherent calculation. To reduce the number of required coherent calculations, equidistant phase-shift additions-instead of random ones-are averaged. Similarly, averaging over equispaced incoherent layer thicknesses is used in Equispaced Thickness Method (ETM) [13] . The averaging approach is less appropriate when there is more than one incoherent layer. Since multiple combinations of incoherent phase-shift additions (i.e., incoherent layer thicknesses) must be covered in the average, the number of individual results needed for the average calculation increases exponentially with the number of incoherent layers.
When there is a single incoherent layer, the average can be obtained by four Nyquistapproximated incoherent thicknesses [14] , [15] . This was improved in the Phase Elimination Method (PEM) [16] , [17] . However, two incoherent thicknesses are still required. The structure is analyzed at the original and an adjacent incoherent thickness. The adjacent thickness is picked in such a way that the average of the two cancel out the interference term.
The Combined Ray Optics / Wave optics Model (CROWM) uses a unique combination of two fundametally different methods to address the coherent and incoherent layers [18] , [19] . The coherent layers are treated by the TMM, whereas the Ray-Tracing Method (RTM) is used in the incoherent ones. To obtain accurate results, the ray has to be traced throughout the structure, applying TMM in the coherent layers, until the ray is finally reflected, transmitted or absorbed.
In this paper, we present a novel technique for calculation of the incoherent layer phase-shift addition that cancels out the interference terms in front of, or behind the incoherent layer, effectively transforming the incoherent layers into coherent ones. In general, this leads to two phase-shift additions, front and back, that are incorporated into an equivalent propagation matrix of the incoherent layer. By replacing the propagation matrices of the incoherent layers with the equivalent ones, a coherent calculation can be used to obtain the final reflectance/transmittance of the structure. The proposed 'Equivalent Matrix Method' (EMM) thus avoids any averaging. The correct result is obtained in a single run. The equivalent layer thickness obtained from the EMM produced phase-shift addition can be used in a rigorous simulation using the Phase-Matching Method (PMM) [17] . With PMM, only one usually lengthy rigorous simulation is required to obtain the reflectance and transmittance of the structure. The regularity of the proposed EMM is verified on two cases presented in the paper. The EMM is compared against the GTMM and CROWM results considered as a reference.
Theory

Single Incoherent Layer
A multilayer structure with one incoherent (thick) layer is shown in Fig. 1 . The front/back incoherent layer interface to the incident/exit medium consists of a stack of coherent (thin) layers. The incident plane wave (Ê i n ,Ĥ i n =η i nÊ i n ) causes a reflected wave (
, and a transmitted wave (Ê ex = ∞ j=1Ê ex j ,Ĥ ex =η exÊ ex ), both composed of an infinite series of waves caused by reflection inside the incoherent layer. Because of the Stoke's reversibility principle, the incident wave cannot get confined in the incoherent layer. The caret symbol (ˆ) denotes a complex domain, andη is the tilted optical admittance of the medium,η =ŷ cosθ for s polarization, andη =ŷ/ cosθ for p polarization.ŷ = y 0N is the medium admittance,θ is the complex angle of propagation obtained by Snell's law (N sinθ =ĉonst), y 0 = 2.654 mS is the free space admittance, andN = n − i k is the complex refractive index of the medium. i represents the unit imaginary number. The jth reflected waveÊ
is obtained from the incident waveÊ i n . The front complex constantsĈ f j contain Fresnel reflection/transmission coefficientsˆ /τ of the front and back coherent layer stack:
Notice that the jth front complex constant is in fact the ratio of the jth reflected to the incident wave. Since all the layers in the front and back stack are coherent, theˆ /τ coefficients can be calculated using the conventional transfer-matrix method.
The incoherent layer phase shiftδ i ncoh iŝ
where λ is the free space wavelength, and d i ncoh ,N i ncoh andθ i ncoh are the thickness, the complex refractive index, and the refraction angle of the incoherent medium, respectively. The angle ϕ is the so far unknown phase-shift addition causing the incoherent layer to act incoherently. Presume, that towards the incident medium, a coherent layer behaves in the same way as an incoherent one if there is no interference between the reflected waves. In order to cancel out the interference terms in the total irradiance, the sum of interference irradiances between the individual reflected waves must equal zero:
An asterisk ( * ) denotes a complex conjugation, whereas n is the number of the reflected waves that are taken into account. All the waves beyond the nth wave are neglected. Using (1), the condition (2) transforms into
The sum (3) is a function of the incoherent layer phase-shift addition (denoted by s f (ϕ)) and it equals zero at a particular phase addition ϕ = ϕ f where the sum of interference irradiances between the reflected waves is zero. If the presumption above is right, then towards the incident medium, the incoherent layer can be replaced by a coherent one with phase addition ϕ f . A similar procedure can be carried out for the transmitted wavê
where back complex constantsĈ
are the ratios of the jth to the first transmitted wave. The condition that ensures that the interference between the transmitted waves is canceled out is
Again, if the presumption is right, then towards the exit medium, the incoherent layer can be replaced by a coherent one with the phase addition ϕ b . Note that the complex constants in (3) and (4) are wavelength dependent. Therefore, the phase additions ϕ f and ϕ b need to be recalculated for every wavelength. We can solve (3) and (4) numerically using the Newton-Raphson solver. The derivatives of the front and back complex constants needed in the procedure are given by
Good initial values can be obtained analytically for n = 1:
where
and the angles ϕx = arg (x) are the phases of the complex Fresnelˆ /τ coefficients from Fig. 1 . The phase additions ϕ f and ϕ b can be merged together in an equivalent propagation matrix of the incoherent layer 
Multiple Incoherent Layers
The theory obtained for a single incoherent layer can be recursively applied when there are more than one incoherent layers. In the first iteration, the equivalent propagation matrix of the last, say mth incoherent layer is calculated. Let us denote this matrix byP i ncoh m . The second to last (i.e., (m − 1) st) incoherent layer serves as an incident medium, the coherent stack between the (m − 1) st and mth incoherent layer is the front stack, and the coherent stack between the mth incoherent layer and the exit medium is the back stack.
In the second iteration, the equivalent propagation matrixP i ncoh m−1 of the second to last incoherent layer is calculated. The incident medium is now the (m − 2) nd incoherent layer, the front stack is the stack between the (m − 2) nd and (m − 1) st incoherent layer, and the back stack is the coherent stack between the (m − 1) st incoherent layer and the exit medium. The mth incoherent layer is in the back stack, and is considered as a coherent layer with the propagation matrixP i ncoh m calculated in the previous iteration.
The procedure continues until the equivalent matricesP i ncoh m . . .P i ncoh 1 of all the incoherent layers are obtained. Finally, the overall reflectance/transmittance of the entire multilayer structure can be determined by a coherent calculation.
Equivalent Incoherent Layer Thickness
The light propagation through an arbitrary structure can be simulated using a number of rigorous methods, such as the Finite Element Method (FEM), the Finite Difference Time Domain (FDTD), or the Rigorous Coupled Wave Analysis (RCWA). The common principle of these methods is to describe the geometrical and material properties of the simulated structure, and then rigorously solve the Maxwell equations throughout the simulation domain. However, since fully coherent light propagation is inherently assumed in these methods, we again face the challenge of including an incoherent layer into the rigorous simulation. To overcome this problem, averaging is usually used. The PMM, on the other hand, requires only one rigorous simulation using the equivalent incoherent layer thickness.
In the EMM produced equivalent propagation matrices (6), the jth incoherent layer is represented by theδ i ncoh f j phase shift and the α i ncoh j correction factor. An individualδ i ncoh f phase shift can be transformed into the equivalent incoherent layer thicknesŝ
However, the thickness modification (represented by the fraction in (7)) is in general complex in order to avoid the absorption error caused by this modification. It becomes real only when an incoherent layer is lossless. Since the incoherent layers are usually (almost completely) transparent, an insignificant absorption error is introduced when-instead of the complexd i ncoh f -only the real part
is used in the calculation. Using (5) (n = 1) and neglecting the imaginary part, the equivalent thickness (7) becomes
which is exactly the same as derived in [17] for the PMM. The EMM enables more accurate equivalent thickness calculation for higher n, and extends the procedure over multiple incoherent layers. By replacing the incoherent layer thicknesses d i ncoh j with equivalent coherent thicknesses d i ncoh f j , the reflectance of the structure can be calculated directly, whereas the correction factors α i ncoh j must be applied in the transmittance calculation. The EMM provided equivalent thicknesses can be used in a rigorous simulation using the PMM, thus avoiding averaging.
Individual Layer Absorptance
The equivalent propagation matrices of the incoherent layers enable coherent calculation of the reflectance/transmittance of the structure. However, the absorptance distribution throughout the layers changes. An original incoherent layer absorbs differently as its equivalent coherent replacement, although the overall absorptance of the structure stays the same. Therefore, the equivalent propagation matrices cannot be directly used in an individual layer absorptance calculation. An additional procedure for individual layer absorptance calculation is described in this section. A part of a multilayer structure with m incoherent layers and m j coherent layers in the jth coherent stack is shown in Fig. 2 . To know which layer is which, the layers are indexed with two indexes. A layer with index jk is the kth layer behind the jth incoherent layer. For each j, k runs from 0 to m j , where k = 0 denotes the jth incoherent layer and k = 1 to m j denote the m j coherent layers behind the jth incoherent layer. Also, the indexes j = 0 and j = m + 1 correspond to incident and exit medium, respectively. Beside the layer indexes, the waves in Fig. 2 also bear the marks (d) and (u) denoting the wave origin (see the following paragraph), and the marks + and − denoting the wave direction.
The absorption in the layer jk is the difference of irradiances entering and leaving the layer: (j+1)0 , entering the stack from the two bordering incoherent layers, each from the opposite direction. All the waves resulting from the first incoherent wave bear the mark (d) , whereas the waves resulting from the second incoherent wave are marked by (u) . I jk can be calculated by
for k = 0, and
for k = 0. Hereˆ /τ are forward and reverse Fresnel reflection/transmission coefficients of the coherent layer stack specified by the second index, whereasδ i ncoh0j =δ i ncoh j / ϕ=0 is the jth incoherent layer phase shift with zero phase-shift addition.D andP are the dynamical and propagation matrices of the coherent layer defined by the matrix index. For the known waves E in the jth incoherent layer are also obtained for the next iteration. Therefore, all layer absorptances can be calculated knowing the exit medium waves. Absorptances normed to the incident irradiance can be determined by setting the exit waves to
where T is the overall transmittance of the structure, and index (m+1)0 corresponds to the exit medium.
The described individual layer absorptance calculation can also be used in the GTMM.
The EMM Procedure
Start with the last incoherent layer and iterate towards the first one. For each incoherent layer calculate the phase-shift additions by solving (3) and (4). Use phase-shift additions to obtain the corresponding equivalent propagation matrix and correction factor from (6), or, eventually, the equivalent thickness (7). After all the incoherent layers have been handled, use a coherent calculation to obtain the reflectance and transmittance of the structure. To obtain the absorptance of any layer in the structure, use the individual layer absorptance equations (8)- (11). The procedure needs to be carried out for every wavelength.
Verification
To confirm the presumption from Section 2.1, we verified the EMM on several multilayer structures and we present two representative cases in this section. In particular, we compare the results obtained by the EMM to the GTMM, which is considered a de facto reference method for planar incoherent calculation providing the exact solution, and to the CROWM simulator. Since the results obtained by either method are indistinguishably close to each other in the reflectance/transmittance/absorptance spectra graphs, we only focus on the maximum observed differences between the results.
A Multilayer Structure With Four Incoherent Layers
As the first example, we look at an arbitrary multilayer structure exercising four incoherent glass layers. The incident and exit medium is air (N i n = N ex = 1). We obtained the wavelength dependent complex refraction indexes from [20] (for SiO 2 ), from [21] (for TiO 2 ), and from [22] (for Schott glasses). As expected, the EMM properly models the incoherent nature of the glass layers and the interference fringes are correctly smoothed out as shown in Fig. 3 .
We compared the reflectance/transmittance spectra (R (λ), T (λ)) obtained by the EMM at various n ( (3) and (4)), as well as incident angles and polarizations to the results obtained by the GTMM. Fig. 4 shows relative difference in the R (λ) , T (λ) calculation. For each n, the calculation was carried out for the whole range of the wavelengths from 380 nm to 1250 nm, and only the maximal differences are shown in the graph.
With n increasing, the EMM results steadily approach to those obtained by the GTMM. Initial difference of about 100% at n = 1 falls under 1% at n = 30, ϑ < 45
• . Larger incident angles require higher n. If n is big enough, the difference between the results of both methods is obscured by the numerical noise (diff < 10 −8 %), regardless of the incident angle. If we used incoherent layers with higher absorption, lower n would be needed to produce good results. The higher the absorption, the fewer waves are significant in (3) and (4) .
In theory, the energy balance R + T + A layer = 1 should hold for any wavelength and incident angle. With the GTMM, a slight imbalance emerges when the absorptances of the incoherent layers are calculated directly from the squared electric field amplitudes entering and leaving the layer. Although the error is small, it is not caused by numerical inaccuracies in the computation. Notice that the down-going ( + ) and up-going ( − ) waves (see Fig. 2 ) cannot be completely separated in a lossy medium. As a consequence, there is a certain amount of wave coupling [2] , [3] , which is not taken into account by the GTMM. Fig. 5 shows the consequent energy imbalance as calculated by the GTMM. Not surprisingly, the imbalance increases with glass absorptance at the lower end of the selected spectrum. This error is mostly negligible even for more absorbent incoherent layers. In that case the wave is significantly attenuated before the reflection, which again results in a negligible coupling effect. Nevertheless, it is important that the error stems from the theoretical imperfections in the calculation and is therefore intrinsic of the method. That said, the energy is always balanced in the EMM, since (8)- (11) are used in the layer absorptance calculation.
Solar Cell
In the second example we look at a thin-film hydrogenated amorphous silicon solar cell, which has somewhat simpler structure. The incident and exit medium is air, whereas the cell itself is composed of the following seven layers: 1) glass (1 mm, incoherent), 2) sputtered transparent conductive oxide (TCO) ZnO (800 nm, doped), 3) p -type hydrogenated amorphous silicon carbide a-SiC:H (10 nm), 4) intrinsic a-Si:H (300 nm), 5) n-type a-Si:H (20 nm), 6) sputtered TCO ZnO (100 nm, undoped), and 7) Ag back reflector (300 nm, optional). The wavelength dependent complex refraction indexes of the solar cell materials were obtained from [23] . This time, the CROWM simulator results were used as a reference. The solar cell reflectance and the absorptance of the intrinsic a.Si:H layer is shown in Fig. 6 . The EMM and CROWM results nicely match and the interference fringes are properly smoothed out.
The CROWM simulator produces results to eight decimal places, although the last few are physically insignificant. Nevertheless, the number of matching decimal places (i.e., the EMM/CROWM mismatch) was observed. Besides the reflectance/transmittance spectra, the layer absorptances were also investigated to verify the individual layer absorptance calculation (8)- (11) . Fig. 7 shows the maximum EMM/CROWM mismatch in the R (λ) , T (λ) , A layer (λ) calculation. For each n, the calculation was carried out at various incident angles and polarizations, over the range of wavelengths from 350 nm to 700 nm.
The shape of the curves in Fig. 7 is in accordance with our observations in the previous case (see Fig. 4 ). With n increasing, the EMM results rapidly approach those obtained by the CROWM simulator. Notice that there is only a single matching decimal place (diff < 0.1) at n = 1, and three matching places at n = 5. However, for a high enough n, our results match those of the CROWM simulator up to five decimal places (diff < 10 −5 ), although the numerical procedures used by either method are completely different. Again, larger incident angles require a higher n, whereas at a large enough n we sooner or later achieve the desired accuracy.
Conclusion
In this paper, we studied the idea of representing an incoherent layer with an equivalent coherent layer by canceling out the interference terms. We developed the calculation procedure of the phaseshift addition that totally cancels out the interference terms in front of, or behind the incoherent layer. The approach requires a numerical solution of a transcendent equation, which we can readily get using the Newton-Raphson solver. Obtained front and back phase-shift additions can be further combined into an equivalent propagation matrix of the incoherent layer, which we can use in a single coherent calculation. No averaging is needed to reach the incoherent limit. Moreover, we can use the procedure for structures with any number of incoherent layers, simply by applying it recursively to each one of the incoherent layers. To address the individual layer absorptance calculation, an additional procedure to our method, that can also be used in the GTMM, is proposed.
Verification of the proposed approach shows that it produces the same results as the GTMM, thus proving the correctness of the EMM. We verified an individual layer absorptance calculation against the CROWM simulator, again with a high agreement of the results.
